Every Schwartz space is embeddable into some sufficiently high power E' of a given Banach space E if and only if E contains /"°°u niformly.
In [13] Saxon showed that every nuclear space can be embedded in some sufficiently high power of every Banach space. In [2] Diestel and Lohman showed that a locally convex space that is embeddable in some sufficiently high power of every Banach space is a Schwartz space. In [11] we showed that every Schwartz space can be embedded in some sufficiently high power of c0. In [1] Bellenot gave examples of Schwartz spaces that are not embeddable in any power of lp (1 < p < oo). In Theorem 2 below we characterize those Banach spaces E such that every Schwartz space is embeddable in some sufficiently high power of E. In particular, Theorem 2 implies that every Schwartz space is embeddable in some sufficiently high power of every E^-space, and Corollary 5 implies that if {£"} is a family of Banach spaces such that each Ev is an £p -space (1 < />" < oo), then there is a Schwartz space that is not embeddable in any power of I1F".
In [12] (and independently in [6] ) it was shown that c0, equipped with the topology of uniform convergence on null sequences in the norm dual of c0 is a universal Schwartz space; and in [12] we asked whether every lE^-space, equipped with the topology of uniform convergence on null sequences in the norm dual, is a universal Schwartz space. Theorem 2 below gives an affirmative answer to this question.
The proof of our main result (Theorem 2) depends in a very essential way on the important results of Figiel [3] concerning the factorization of compact linear operators through Banach spaces. Parts of the proof of Theorem 2 are similar to some of the proofs appearing in [11] and [12] .
A linear operator between locally convex spaces is compact if it transforms some neighborhood of 0 into a relatively compact set. A locally convex space E is a Schwartz space if every continuous linear operator from E into a Banach space is compact. If T: E -> F is a compact linear operator between Banach spaces, then (by [15, Theorem 1, p. 76] ) there is a null sequence {an} in the norm dual E' of E such that ||Fx|| < sup|<x,an>| for every x in E; consequently, if E and F are Banach spaces and § denotes the topology on E of uniform convergence on null sequences in F', then (i) a linear operator 7: A continuous linear operator 7: E -» F between locally convex spaces factors through a subspace of a locally convex space G if there exist continuous linear operators P: E -> G and Q: P(E) ^> F such that 7 = f?^-A locally convex space F has the subspace factorization property if every compact linear operator between Banach spaces factors through a subspace of E. [10] it follows that for 1 < p < 2 a linear subspace of a quotient space of an Lp(X,v) measure space never contains /n°° uniformly. The following proposition implies that a £ -space (for the definition and basic properties of £p -spaces see [7] , [8] and [9] [We note that if F is complex, then KG in (b) and (c) above can be replaced by 2KG (see the remark at the top of [7, p. 282] ).]
Proof. For any unexplained notation or terminology see [4] and [7] . If F is an E^-space, then the sequence {cn(E)) is bounded and, by [3, Theorem 6.1, p. 202], cn(E) = 1 for all n. Let 7: /n°° -> H be an invertible linear operator from /"°° onto a subspace of lp.
Case I. Since T~XT is the identity operator on /"", 77/,2(/"00) < mp2iT)\T~x\ < KG\\T\\ ||3-m||-But nx'p < itpAQ?) < itp^). Therefore, if E is a tpJC space, then c"iE) > nl/p/i\KG), and (b) holds.
Theorem 2. For a Banach space E the following are equivalent: (a) E has the subspace factorization property. (b) Every Schwartz space is linearly homeomorphic to a linear subspace of a compact projective limit of closed linear subspaces of E.
(c) Every Schwartz space is linearly homeomorphic to a linear subspace of some sufficiently high power E1 of E.
(d) E equipped with the topology of uniform convergence on null sequences in E' is a universal Schwartz space.
(e) Every compact linear operator between Banach spaces factors through a subspace of some finite power E1 of E.
if) E contains /n°° uniformly.
Proof, (a) implies (b F-> E[S Y and Q: P(F) -» G such that 7 = £>F. Since F is barreled and S is compatible with the dual system (E,E'~), it is easy to see that P: F -> EJ is continuous (with respect to the norm topologies). Since S is weaker than the norm topology on F, Q: P(F)^> G is continuous (with respect to the norm topologies). Therefore, 7 = QP factors through a subspace of EJ.
(e) implies (f). For each positive integer « let an = [ln(« + 1)]_1. Clearly, an -> 0 and «ca" -> oo for every c > 0. Since the linear operator 7:c0 -^ c0 defined by TX = {anXn} is compact, (e) implies that 7 factors through some finite power El of E. By [3, Theorem 6.1, p. 202], E' contains I™ uniformly, whenever E' is equipped with a norm that is compatible with the product topology of E''. To complete the proof it suffices (using a simple induction argument) io show that: Lemma 3. If F and G are Banach spaces such that F X G contains /"°°u niformly whenever F X G is equipped with a norm that is compatible with the product topology of F X G, then either F or G contains /n°° uniformly.
Proof of Lemma 3. Let n be a fixed positive integer. Choose 8 > 0 so that 1 + 8 < (1 + tt-')(l -2n-'r3). Equip F X G with the norm ||(/,g)|| = sup(||/||,||g||).
By assumption there exist points (fx,gx),..., (f2",g2n)
in F X G such that Proof. This follows from the proof of Theorem 2 by making minor modifications in the proofs of "(c) implies (e)" and "(e) implies (f)".
Corollary
6. // E is a locally convex space such that every Schwartz space is linearly homeomorphic to a linear subspace of some sufficiently high power E1 of E, then E locally contains /n°° uniformly-that is, there is a fundamental system % of closed balanced convex neighborhoods of 0 in E such that for each U in % /6e associated normed space Ev isee [5, p. 208] ) contains /n°° uniformly.
Proof. Let V be a neighborhood of 0 in E and let %^ denote the set of all closed balanced convex neighborhoods of 0 in E that are contained in V. To complete the proof it suffices to show that there is a U E %v such that Ev contains /"°° uniformly. Since fyly is a fundamental system of neighborhoods of 0, it follows (from the proof of [14, 5.4 
